In this paper we determine the exact values of the signed domination number, signed total domination number, and minus domination number of complete multipartite graphs, which substantially generalizes some previous results obtained for special subclasses of complete multipartite graphs such as cliques and complete bipartite graphs.
Introduction
All graphs in this paper are simple and undirected. We generally follow [3] for standard notation and terminologies in graph theory. For a graph G, its vertex set and edge set are denoted by V (G) and E(G), respectively. Given a graph G, a function f : V (G) → {−1, 1} is called a signed dominating function (respectively, signed total dominating function) of G if f (N G [v] ) ≥ 1 (respectively, f (N G (v)) ≥ 1) for all v ∈ V (G). The signed domination number (respectively, signed total domination number ) of G, denoted by γ s (G) (respectively, γ s t (G)), is the minimum weight of a signed dominating function (respectively, signed total dominating function) of G. Notice that the signed total domination number is only defined for graphs without isolated vertices. The notion of signed domination and signed total domination have been extensively studied in the literature; see, e.g., [1, 7, 8, 11, 12, 13, 14, 15] and the references therein. For a graph G, a
The minus domination number of G, denoted by γ − (G), is the minimum weight of a minus dominating function of G. Minus domination has been studied in, e.g., [2, 4, 5, 6, 15] . For a comprehensive treatment on the theory of domination in graphs, the reader is referred to [9, 10] .
The exact values of the signed domination number, signed total domination number, and minus domination number have been determined for some special classes of graphs including complete graphs and complete bipartite graphs. To our knowledge, however, the values of these parameters in a more general class of graphs, namely the class of complete multipartite graphs, have not been decided yet. In this paper we fill this gap by completely determining the values of the three parameters in complete multipartite graphs. Our work substantially generalizes the previously obtained results for complete graphs (note that a complete graph of order n is also a complete n-partite graph) and complete bipartite graphs.
Signed (Total) Domination and Minus Domination in Complete Multipartite Graphs
Let k ≥ 2 and n 1 , n 2 , . . . , n k be positive integers. Throughout the paper, K n1,n2,...,n k denotes the complete k-partite graph with vertex set
Let t be the number of i's for which n i is odd; that is, t = |{i | 1 ≤ i ≤ k; n i ≡ 1 (mod 2)}|. Assume without loss of generality that n 1 , n 2 , . . . , n t are odd, whereas n t+1 , . . . , n k are even. Let I 1 = {i | 1 ≤ i ≤ t; n i = 1} and I 2 = {i | t+1 ≤ i ≤ k; n i = 2}.
We first consider the signed domination number.
Theorem 1. If t is odd, then
otherwise.
If t is even, then
Proof. Let G = K n1,n2,...,n k and f be a signed dominating function of G with w(f ) = γ s (G). We first give some observations that will be frequently used in the proof. For every 1 ≤ i ≤ k and 1 ≤ j ≤ n i , we have
and consequently,
Therefore,
We now turn to the main part of the proof. First consider the case when t is odd. We perform a case analysis as follows.
where n 1 is odd and n 2 is even. Applying Theorem 1 from [15] under different situations gives the following:
• When n 1 = 1, γ s (G) = n 2 + 1.
• When n 1 = 3, γ s (G) = 3.
• When n 1 ≥ 5 and n 2 = 2, γ s (G) = 3.
• When n 1 ≥ 5 and n 2 ≥ 4, γ s (G) = 5.
2. t = 1 and k ≥ 3. We first show that γ s (G) = w(f ) ≥ 3. Assume to the contrary that w(f ) < 3. Since G has odd number of vertices, w(f ) should be odd, and thus w(f ) = 1 by (3). Fix i ′ ∈ {2, 3, . . . , k}. By (2) and the fact that
Due to the arbitrariess of i ′ , we obtain:
contradicting with our previous assumption of w(f ) < 3. Therefore we have γ s (G) = w(f ) ≥ 3.
Furthermore, we will prove that w(f ) ≥ 5 if, in addition, n 1 = 3 and (∀2 ≤ i ≤ k)n i ≥ 4. Suppose to the contrary that w(f ) ≤ 3 in this case. Since w(f ) ≥ 3, we have w(f ) = 3. Analogously to the previous analysis, for each 2
Thus (4) still holds. To achieve the equality, we must have f (V \ V 1 ) = 0 and f (V \ V i ) = 3 for all 2 ≤ i ≤ k. This, by (1), implies that f (v 1,j ) = 1 for all 1 ≤ j ≤ n 1 . Therefore 3 = w(f ) = f (V 1 ) = n 1 , which contradicts with our assumption that n 1 = 3. Thus, we have established that w(f ) ≥ 5 when n 1 = 3 and (∀2 ≤ i ≤ k)n i ≥ 4.
We next prove that these lower bounds are attainable in respective cases. Consider the function f ′ : V → {−1, 1} defined as follows: Assign +1 to
Evidently f ′ is a signed dominating function of G, which has weight 5. Thus γ s (G) ≤ 5, which is tight for the case where n 1 = 3 and (∀2 ≤ i ≤ k)n i ≥ 4. Now consider the case where n 1 = 3 or (∃2 ≤ i ≤ k)n i = 2. If n 1 = 3, the function that assigns +1 to all vertices in V 1 and ni 2 vertices in V i for all 2 ≤ i ≤ k, and −1 to all other vertices, is a signed dominating function of G of weight 3. If n i = 2 for some i ∈ {2, 3, . . . , k}, we can construct a signed dominating function of G of weight 3 by assigning +1 to n1+1 2 vertices in V 1 , to both vertices in V i , to nj 2 vertices in V j for all j ∈ {2, . . . , k} \ {i}, and assigning −1 to all other vertices in V . Hence, γ s (G) = 3 when n 1 = 3 or n i = 2 for some 2 ≤ i ≤ k. This finishes the analysis of the case where t = 1 and k ≥ 3.
t ≥ First assume that |I
. (Recall that I 1 is the set of indices i for which n i = 1.) We will show that γ s (G) ≥ 3. Assume to the contrary that γ s (G) ≤ 1. For each 1 ≤ i ≤ k for which n i ≥ 2, by (2), there exists 1 ≤ j ≤ n i such that f (v i,j ) = −1. According to
and thus
is even, and thus the above inequality can be improved to f (V i ) ≤ −2. Noting that f (V j ) ≤ 1 for all j such that n j = 1, we have:
which, however, is a contradiction to (3). As a consequence, our assumption that γ s (G) ≤ 1 cannot hold, and thus γ s (G) ≥ 3. On the other hand, consider the function f ′ defined as follows: Assign +1 to 
This completes the whole analysis for the case where t is odd.
We next turn to the situation where t is even. We will prove the following:
Assume that γ s (G) ≤ 2 while
When n i is odd, the above inequality can be improved to f (V i ) ≤ −1. Therefore,
contradicting with our assumption that γ s (G) ≤ 2. Thus the inequality (5) is proved. We next consider several cases.
Without loss of generality, we assume that n 1 = n 2 = . . . = n i1 = 1 and n t+1 = n t+2 = . . . = n t+i2 = 2. Consider the function f ′ : V → {−1, 1} obtained as follows: Assign +1 to
vertices in V i for all t + 1 ≤ i ≤ t + i 2 , and to ni 2 vertices in V i for all t + i 2 + 1 ≤ i ≤ k; assign −1 to all other vertices in V . Thus,
We now verify that f ′ is a signed dominating function of G. For each 1 ≤ i ≤ i 1 and the (only) vertex
is a signed dominating function of G, and thus
(a) t = 0. In this case we can construct a signed dominating function of G of weight 4 as follows: Assign +1 to (b) t = 2 and k = 2. By applying Theorem 1 in [15] we obtain that
(Note that the condition |I 1 | + |I 2 | ≤ t 2 excludes the situation n 1 = n 2 = 1, in which case γ s (G) = 2; nonetheless, this is compatible with the formula n 1 + n 2 .) (c) t = 2 and k ≥ 3. Consider the function f ′ : V → {−1, 1} defined as follows: Assign +1 to The proof of Theorem 1 is thus completed.
Our theorem generalizes Theorem 1 in [15] . The following corollary is also immediate from it.
Theorem 2 generalizes Propositions 1 and 4 in [14] . (We remark that Proposition 1 in [14] has a mistake: It should be that γ s t (K n ) = 3 when n is odd and at least 3.)
Finally we turn to the case of minus domination.
Theorem 3.
γ − (K n1,n2,...,n k ) = 1 if n i = 1 for some i ∈ {1, 2, . . . , k}; 2 otherwise.
